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Proof of Lemma 1

Note that Lemma 1 is modified from [R.1]. To prove Lemma 1, we start with verifying the fact

that a block circulant matrix is a polynomial in the permutation matrixE, where a polynomial inE

is defined as

Hc = (IN ⊗H0) + (E⊗H1) + (E2 ⊗H2) + · · ·+ (EN−1 ⊗HN−1) (1)

whereE = [eN e1 e2 · · · eN−1] andei is thei-th column of theN × N identity matrixIN . Using

this, we can rewriteΛb as

Λb = (WH

N
⊗ INr

) Hc (WN ⊗ INt
) (2)

= (WH

N
⊗ INr

)
(

(IN ⊗H0) + (E⊗H1) + · · ·+ (EN−1 ⊗HN−1)
)

(WN ⊗ INt
) (3)

= (WH

N
⊗ INr

)(IN ⊗H0)(WN ⊗ INt
) + (WH

N
⊗ INr

)(E⊗H1)(WN ⊗ INt
) + · · ·

+ (WH

N
⊗ INr

)(EN−1 ⊗HN−1)(WN ⊗ INt
) (4)

(a)
= (WH

N
⊗H0)(WN ⊗ INt

) + · · ·+ (WH

N
E

N−1 ⊗H1)(WN ⊗ INt
) (5)

(b)
= (WH

N
WN ⊗H0) + · · ·+ (WH

N
E

N−1
WN ⊗HN−1) (6)

where (a) and (b) follow from the Kronecker product identitythat (A ⊗ C)(B ⊗ D) = (AB) ⊗
(CD). Note thatEk is a circulant matrix fork ∈ N and this can be diagonalized byWH

N
andWN .

Therefore,Λb is a block diagonal matrix. Let us first considerW
H

N
EWN . The first row ofE is

e
T

2 = [0 1 0 0 · · · 0]. Then,E can be diagonalized by the circulant matrix theorem and its

diagonal elements is given as

√
NW

H

N
e2 =

[

1 ω−1
N

ω
−2
N

· · · ω−(N−1)
N

]T

(7)

whereωN = e
ι
2π
N . Therefore, we obtain

W
H

N
EWN = DE = diag{

√
NW

H

N
e2} = diag

{

[

1 ω−1
N

ω
−2
N

· · · ω−(N−1)
N

]T
}

(8)
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Next, let us considerWH

N
E

2
WN . The first row ofE2 is e

T

3 = [0 0 1 0 · · · 0] becauseE2 is a

column-shifted version ofE. E2 can also be diagonalized by the circulant matrix theorem andits

diagonal elements is given as

√
NW

H

N
e3 =

[

1 ω−2
N

ω
−4
N

· · · ω−2(N−1)
N

]T

. (9)

Therefore, we obtainWH

N
E

2
WN = D

2
E

. In a similar way, we can generalize the diagonalization of

permutation matrices as

W
H

N
E

n
WN = D

n

E
. (10)

From this, the equation (6) can be rewritten as

Λb = (WH

N
WN ⊗H0) + · · ·+ (WH

N
E

N−1
WN ⊗HN−1)

=

N−1
∑

n=0

W
H

N
E

n
WN ⊗Hn (11)

=
N−1
∑

n=0

D
n

E
⊗Hn (12)

and thei-th diagonal block ofΛb is given by

N−1
∑

n=0

(Dn

E
)ii Hn =

N−1
∑

n=0

Hn ω
−n(i−1)
N

=
N−1
∑

n=0

Hn e
−ι2π n(i−1)

N .

Let us define thei-th row of DFT matrix
√
NW

H

N
as

√
Nw

H

N−i
= [1 ω

−(i−1)
N

ω
−2(i−1)
N

· · · ω−(N−1)(i−1)
N

]

andK = [H0 H1 · · · HN−1]. Then, we can rewrite thei-th diagonal block asK(
√
Nw

H

N−i
⊗INt

)T .

If we replacei with −(k −N), we obtain the desired result. �

[R.1 ] P. J. Davis,Circulant Matrices, 2nd ed. New York: Chelsea, 1994.
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