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Proof of Lemma 1

Note that Lemma 1 is modified from [R.1]. To prove Lemma 1, watswith verifying the fact
that a block circulant matrix is a polynomial in the permigatmatrix E, where a polynomial ifk

is defined as
H.=(IynoH) +(E0H) +(E*®Hy) 4+ -+ (EN " '@Hy_,) 1)

whereE = [ey e; e; - - ey_1] ande; is thei-th column of theV x N identity matrixI. Using

this, we can rewrite\, as

A= (WEeIy)H. (Wy ®1y,) (2
(WHeIy) (InoHy) + (E@H) +- -+ (EV'®@Hy1)) (WyeIy) ()
= (Wi @Iy ) Iy @ Ho)(Wy @ Iy,) + (WY @Iy )(EQH)(Wy @ Iy,) + - -

+ Wy @In)(EV ' @Hy_1)(Wy @1y,) 4)
YW@ H)(Wy @Ly,) + - + (WEEY ! 0 H)(Wy @ 1y,) (5)
O WHEWy @ Hy) + -+ (WIEN "Wy @ Hy_,) (6)

where (a) and (b) follow from the Kronecker product identhwat (A ® C)(B ® D) = (AB) ®
(CD). Note thatE* is a circulant matrix foc € N and this can be diagonalized By £ andW y.
Therefore,A, is a block diagonal matrix. Let us first consideVIEWN. The first row ofE is
el =10 100 --- 0. Then,E can be diagonalized by the circulant matrix theorem and its

diagonal elements is given as
T
\/NWﬁeg = [ Lwy' wy? - w;,(N_l)] (7
wherewy = ¥ . Therefore, we obtain

T
WHEW y = D, = diag{vVNW/e,} = diag{ [ Loyl wi? - W;VW‘”] } 8)
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Next, let us consideW X E2W y. The first row ofE2 isel = [0 0 1 0 --- 0] becauséE? is a
column-shifted version oE. E? can also be diagonalized by the circulant matrix theoremitnd

diagonal elements is given as
T
VNWHe; = | 1 W Wyt wJ_VQ(N_l)] : 9)

Therefore, we obtaiW ZE?*W y = D%. In a similar way, we can generalize the diagonalization of
permutation matrices as
WEE"Wy = D} (10)

From this, the equation (6) can be rewritten as

= (WEWy ®@Hg) + -+ (WEEY "Wy @ Hy_))
N—
> WIE'Wy@H, (11)

—_
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Il
o

=

D% @ H, (12)

Il
o

n

and thei-th diagonal block ofA, is given by

N-1 N—-1 (

LA wRE puee

n=0 n=0
Let us define thé-th row of DFT matrixy NW4 asy/Nwh . = [1wy 0 w207 oo D60
andK = [Hy H, --- Hy_,]. Then, we can rewrite theth diagonal block a& (v Nwi_, @Iy,)".
If we replacei with —(k — N), we obtain the desired result. O

[R1 ] P.J. DavisCirculant Matrices, 2nd ed. New York: Chelsea, 1994.
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