
Hybrid Beamformer Design for mmWave Wideband
Multi-User MIMO-OFDM Systems

(Invited Paper)

Yongjin Kwon∗, Jihoon Chung†, and Youngchul Sung†
∗ Agency for Defense Development, Republic of Korea

† School of Electrical Engineering, KAIST, Daejeon 34141, Republic of Korea
E-mail: yj_kwon@add.re.kr, j.chung@kaist.ac.kr, and ysung@ee.kaist.ac.kr

Abstract—In this paper, analog-and-digital hybrid beamformer
design is considered for millimeter-wave (mmWave) wideband
multi-user (MU) multiple-input single-output (MISO)-OFDM
downlink systems, where a single common analog beamformer is
used for all subcarriers while a separate digital beamformer is
applied to each subcarrier. By applying a signal-to-leakage-plus-
noise ratio (SLNR) approach, an efficient beamformer design
algorithm based on a trace quotient is derived for joint design
of the common analog beamformer and the separate digital
beamformers.
Index Terms—Hybrid beamforming, millimeter-wave, wide-

band, MIMO-OFDM

I. INTRODUCTION

Hybrid beamforming is a practical method for beamformer
implementation for massive multiple-input multiple-output
(MIMO) in the mmWave band [1]. In (narrow-band) hybrid
beamforming, the overall beamformer is decomposed into
a digital beamformer in the digital domain and an analog
beamformer in the analog domain, and a limited number
of radio-frequency (RF) chains far less than the number of
antennas is used with the aid of the analog beamformer
without much performance loss compared to fully digital
beamforming. Recently, there has been extensive work for
hybrid beamformer design from academia and industry [1],
[2] mostly for narrow-band hybrid beamformer design [3],
[4], [5]. Unlike the narrow-band case in which only a single
analog beamformer and a single digital beamformer need to be
considered, in wideband hybrid beamforming a single analog
beamformer is common to all subcarriers due to the limitation
of analog processing and a separate digital beamformer is used
for each subcarrier to adapt the beamformer to a different
channel at each subcarrier. Thus, the common analog beam-
former should be designed with consideration of impact to all
subcarriers and the design problem becomes more complicated
than the narrow-band case. There have been some works for
wideband hybrid beamforming, e.g., [6], [7], [8], but these
works are for the single-user case in which there is no inter-
user interference.
In this paper, we consider mmWave wideband hybrid beam-

former design for MU-MISO-OFDM downlink systems. In
the MU case, each subcarrier supports multiple users with
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digital beamforming, and the combined signal of multiple
subcarriers goes through a common analog beamformer. Thus,
in the MU hybrid beamforming case, not only the signal
power of each user but also interference from other users
should be incorporated into beamformer design. However,
direct use of signal-to-interference-plus-noise ratio (SINR) as
the design criterion is difficult since it yields a non-convex
optimization problem [9]. Hence, we here apply the SLNR
approach often used for MU-MIMO downlink beamformer
design [9], [10], and derive an efficient algorithm for joint
design of the common analog beamformer and separate digital
beamformers for wideband MU-MISO-OFDM downlink.
Notations: Vectors and matrices are written in boldface

with matrices in capitals. All vectors are column vectors.
For a matrix A, AT , AH , and Tr(A) indicate the trans-
pose, conjugate transpose, and trace of A, respectively.
diag(A1, · · · ,AK) denotes the diagonal matrix with diagonal
elements A1, · · · ,AK . ‖b‖ denotes the 2-norm of vector
b. I and 0 denote an identity matrix and a matrix with
zero elements, respectively. x ∼ CN (μ,Σ) means that x is
circularly-symmetric complex Gaussian-distributed with mean
vector μ and covariance matrix Σ. ⊗ denotes the Kronecker
product. C is the set of complex numbers. ι :=

√−1.
II. SYSTEM MODEL

We consider hybrid beamforming for a mmWave MU-
MISO-OFDM single-cell downlink system, where a base
station (BS) with Nt transmit antennas and Na RF chains
serves K single-antenna users for each subcarrier, and OFDM
with Nf subcarriers is applied to transmission and reception.
We assume that the number of RF chains is less than the
number of transmit antennas, and the number of users for
each subcarrier is less than or equal to the number of RF
chains i.e., K ≤ Na < Nt. We assume that the analog
beamformer is common to all Nf subcarriers and a separate
digital beamformer is used for each subcarrier. From here on,
we derive the data model step by step.
Transmitter: First, the overall transmitted symbols for all

subcarriers and all users are represented as a single vector
given by

s = [sT1 , s
T
2 , · · · , sTNf

]T , (1)

where si = [s1,i, · · · , sK,i]
T ∈ C

K×1 is the symbol vector for
the i-th subcarrier, i = 1, · · · , Nf , containing K data symbols
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for the K served users at the i-th subcarrier. We assume that
the total transmit power P is equally divided for each symbol
as |sk,i|2 = P/(KNf ). The transmit symbol vector si for the
i-th subcarrier is digitally precoded in the digital domain as

Bisi, i = 1, · · · , Nf ,

where Bi = [b1,i,b2,i, · · · ,bK,i] is the Na × K digital
precoding matrix for the i-th subcarrier. Thus, the overall
digitally-precoded symbol vector can be represented as

Bs =

⎡⎢⎢⎢⎣
B1s1
B2s2
...

BNf
sNf

⎤⎥⎥⎥⎦ , (2)

where B is the overall digital precoding matrix given by

B = diag(B1,B2, . . . ,BNf
). (3)

The digitally-precoded signal Bs in the frequency domain is
converted to a time-domain signal by inverse discrete-Fourier
transform (IDFT), given by

s̃ =
(
FH ⊗ INa

)
Bs, (4)

where F is the DFT matrix of size Nf whose element (i, j) is
given by 1√

Nf

e−ι2πij/Nf . A cyclic-prefix (CP) of size Ncp

is added to the time-domain signal s̃ to generate the CP-
added signal s̃cp. The CP-added digital signal s̃cp is converted
to the analog domain. Then, the analog-domain converted
signal s̃cp is analog-precoded and transmitted from the BS.
By concatenating the time-domain signal from sample time
−Ncp to Nf , the BS transmitted signal vector is expressed as

x̃ =
(
INf+Ncp

⊗A
)
s̃cp, (5)

where A = [a1,a2, . . . ,aNa
] ∈ C

Nt×Na is the common
analog beamforming matrix. We assume that each column of
A has unit norm, i.e., aHr ar = 1 for r = 1, · · · , Na, and
equal power is allocated to each symbol, i.e., ‖Abk,i‖2 = 1
for all k = 1, · · · ,K and i = 1, · · · , Nf , where bk,i is the
k-th column of the digital beamforming matrix Bi for the i-th
subcarrier.
Channel: We assume a wideband MU-MISO channel

model. In this model, the channel from the BS to the k-th
user served at the i-th subcarrier, denoted by user k(i), is
given by a D-tap MISO finite-duration impulse response (FIR)
{gH

k(i)(0), · · · ,gH
k(i)(D − 1)}, where D ≤ Ncp. We further

assume that them-th tap 1×Nt MISO channel vector gH
k(i)(m)

of user k(i) follows the geometric model with Ls scatterers:

gH
k(i)(m) =

√
Nt

Ls

Ls∑
l=1

αk(i),m,lu
H
t (φk(i),m,l), (6)

where αk(i),m,l and φk(i),m,l is the complex gain and angle-
of-departure (AoD) at the m-th delay tap and the l-th path
of the channel of user k(i), and ut(φk(i),m,l) is the an-
tenna array response of the transmitter given under uni-
form linear array (ULA) assumption by ut(φk(i),m,l) =

(1/
√
Nt) ·

[
1, ω1(φk(i),m,l), · · · , ωNt−1(φk(i),m,l)

]T . Here,
ωn(φk(i),m,l) = e

ιn 2π
λ

d sin(φ
k(i),m,l

), d is the distance between
two adjacent antenna elements, and λ is the carrier wavelength.
Note that for the wide-band channel model, each delay tap
may have different propagation paths. Note also that in the
narrow-band channel case, we only have gH

k(i)(0).
Receiver: The BS transmitted signal x̃ goes through the

channel described above to each user and the received signal
at each user is corrupted by additive white Gaussian noise
(AWGN) at each user’s receiver. Then, the received signal of
user k(i) after removal of the CP portion can be written as

ỹk(i) = Gk(i)

(
INf

⊗A
) (

FH ⊗ INa

)
Bs+ ñk(i) , (7)

where Gk(i) is the Nf × NfNt block circulant channel
filtering matrix for user k(i) with [gk(i)(0), · · · , gk(i)(D −
1), 0, · · · , 0]H as its first block column, and ñk(i) ∼
CN (0, σ2I) is AWGN. Applying DFT to ỹk(i) , we obtain the
received signal in the frequency domain as

yk(i) = F
[
Gk(i)(INf

⊗A)(FH ⊗ INa
)Bs+ ñk(i)

]
= Hk(i)Bs+ nk(i) , (8)

where Hk(i) = FGk(i)(INf
⊗ A)(FH ⊗ INa

) and nk(i) =
Fñk(i) ∼ CN (0, σ2I).
Proposition 1: Based on the properties of circulant matri-

ces, Hk(i) in (8) can be written as

Hk(i) =

⎡⎢⎣ hH
k(i),1

A 0

. . .
0 hH

k(i),Nf
A

⎤⎥⎦ , (9)

where hH
k(i),j

is the 1×Nt effective MISO channel vector at
the j-th subcarrier of user k(i), given by

hH
k(i),j = [λ

(1)

k(i),j
, · · · , λ(Nt)

k(i),j
]. (10)

Here, λ
(n)

k(i),j
is the j-th eigenvalue of G

(n)

k(i) which is the
submatrix of Gk(i) composed of the columns n, n+Nt, n+
2Nt, · · · , n + (Nf − 1)Nt of Gk(i) for n = 1, · · · , Nt. That
is, FG(n)

k(i)F
H = Λ

(n)

k(i) = diag(λ(n)

k(i),1
, . . . , λ

(n)

k(i),Nf
).

Proof: See Appendix.
Applying (9), we have yk(i) in (8) rewritten as

yk(i) =

⎡⎢⎢⎢⎢⎣
hH
k(i),1

AB1s1

hH
k(i),2

AB2s2
...

hH
k(i),Nf

ABNf
sNf

⎤⎥⎥⎥⎥⎦+ nk(i) . (11)

Finally, the received symbol of user k(i) at the i-th subcarrier
is given by (recall that users k(i), k = 1, · · · ,K are served at
the i-th subcarrier)

yk(i),i = hH
k(i),iABisi + nk(i),i (12)

= hH
k(i),iAbk,isk,i + hH

k(i),i

K∑
p=1
p�=k

Abp,isp,i + nk(i),i,

where nk(i),i is the i-th element of the noise vector nk(i) .
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III. PROBLEM FORMULATION AND BEAMFORMER DESIGN

Typically-considered sum-rate-maximizing beamformer de-
sign can be formulated under the considered constraints as
follows:

{Ao, {Bo
i }Nf

i=1} = argmax
A,{Bi}

Nf
i=1

K∑
k=1

Nf∑
i=1

log(1 + SINRk,i) (13)

s.t. aHr ar = 1, ∀r = 1, · · · , Na

‖Abk,i‖2 = 1, ∀k = 1, · · · ,K, ∀i = 1, · · · , Nf ,

where the SINR of user k(i) at the i-th subcarrier is given by

SINRk,i =
ρ|hH

k(i),i
Abk,i|2

ρ
∑

p�=k |hH
k(i),i

Abp,i|2 + 1
(14)

with ρ = P/(NaNfσ
2). However, the problem (13) is not

a convex problem and is difficult to solve. To circumvent
this difficulty, we apply the SLNR approach often used in
MU-MIMO beamformer design [9], [10]. Although several
formulations are possible with this approach, we formulate
the problem of maximizing the sum of SLNRs of all users
and subcarriers:

{A�, {B�
i }Nf

i=1} = argmax
A,{Bi}

Nf
i=1

K∑
k=1

Nf∑
i=1

SLNRk,i (15)

s.t. aHr ar = 1, ∀r = 1, · · · , Na

‖Abk,i‖2 = 1, ∀k = 1, · · · ,K, ∀i = 1, · · · , Nf ,

where the SLNR for user k(i) at the i-th subcarrier is given
by

SLNRk,i =
ρ|hH

k(i),i
Abk,i|2

ρ
∑

p�=k |hH
p(i),i

Abk,i|2 + 1
. (16)

Note the difference between (14) and (16). Whereas the first
term in the denominator of the right-hand side (RHS) of (14)
is the interference from other users to the k-th user, the first
term in the denominator of the RHS of (16) is the leakage to
other users from the k-th user. The key fact about SLNR is
that both the numerator and the denominator have the same
term Abk,i and this fact facilitates solving the problem. Note
that for given A, SLNRk,i is affected only by bk,i. Hence, our
approach to the problem (15) is first to express each SLNRk,i

in terms of A with optimal bk,i for each SLNRk,i and then
to optimize A to maximize the sum SLNR.

A. Digital Precoder Design
With the assumption of channel state information at the

transmitter (CSIT), for given A, the optimal digital beam-
forming vector bk,i for user k(i) at the i-th subcarrier is given
by solving the following problem:
Problem 1:

b�
k,i = argmax

bk,i

ρ|hH
k(i),i

Abk,i|2
ρ
∑

p�=k |hH
p(i),i

Abk,i|2 + 1
(17)

s.t. bH
k,iA

HAbk,i = 1.

By exploiting the constraint bH
k,iA

HAbk,i = 1, the SLNRk,i

can be rewritten as

SLNRk,i =
ρ|hH

k(i),i
Abk,i|2

ρ
∑

p�=k |hH
p(i),i

Abk,i|2 + bH
k,iA

HAbk,i

=
bH
k,iA

Hhk(i),ih
H
k(i),i

Abk,i

bH
k,iA

H
(∑

p�=k hp(i),ih
H
p(i),i

+ I/ρ
)
Abk,i

.

(18)

Since AHhk(i),ih
H
k(i),i

A is a rank-one matrix, a closed-form
solution to Problem 1 can be obtained based on (18) by gen-
eralized eigenvalue decomposition (GED) [11]. The optimal
digital precoder is given by

b�
k,i = β

⎡⎣AH

(∑
p�=k

hp(i),ih
H
p(i),i + I/ρ

)
A

⎤⎦−1

AHhk(i),i,

where β is a constant to satisfy the power constraint, and the
corresponding SLNRk,i is given by

SLNRk,i

= hH
k(i),iA

⎡⎣AH

(∑
p�=k

hp(i),ih
H
p(i),i + I/ρ

)
A

⎤⎦−1

AHhk(i),i

= Tr
{
AHHN

k,iA
[
AHHD

k,iA
]−1

}
, (19)

whereHN
k,i = hk(i),ih

H
k(i),i

andHD
k,i =

(∑
p�=k hp(i),ih

H
p(i),i

+

I/ρ
)
.

B. Analog Beamformer Design
In the previous subsection, the SLNR for each user with

optimal digital precoding is expressed as a function of only
the analog beamforming matrix A. With this expression the
optimal analog beamformer design problem can be formulated
as follows:
Problem 2:

A� = argmax
A

K∑
k=1

Nf∑
i=1

Tr
(
AHHN

k,iA[AHHD
k,iA]−1

)
s.t. aHr ar = 1 for r = 1, · · · , Na. (20)

If there were only one trace term in the cost function in (20),
the problem would reduce to a ratio trace problem and would
easily be solved by GED; theNa columns ofA would be given
by the normalized generalized eigenvectors associated with
the Na largest generalized eigenvalues of the matrix pencil
(HN

k,i,H
D
k,i) [12]. However, in Problem 2 we have multiple

SLNR trace terms in the cost and hence the problem cannot
be solved by simply applying GED. To tackle this problem,
we derive a lower bound of the cost in (20) in form of a single
trace quotient and maximize the derived lower bound.
Proposition 2: If N is an N × N rank-one positive semi-

definite matrix and D is an N × N positive definite matrix.
Then, the following inequality holds.

Tr
(
ND−1

) ≥ Tr (N)

Tr (D)
. (21)
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Proof:

Tr(ND−1) ≥
N∑
r=1

λr(N)λN−r+1(D
−1) (22)

= λ1(N)λN (D−1) =
λ1(N)

λ1(D)
(23)

≥
∑N

r=1 λr(N)∑N
r=1 λr(D)

(24)

=
Tr(N)

Tr(D)
, (25)

where λ1(M) ≥ λ2(M) ≥ · · · ≥ λN (M) indicate the N
eigenvalues of an N × N matrix M. Here, (22) is valid
by an eigenvalue inequality for matrix product [13, Lemmas
1,2]. (23) is valid because N has rank one and λN (D−1) =
1/λ1(D). (24) holds since λ1(N) =

∑N
r=1 λr(N) due to N’s

having rank one and λ1(D) ≤ ∑N
r=1 λr(D) due to the positive

definiteness of D. Finally, (25) holds because the trace of a
matrix is the sum of its eigenvalues.
Applying Proposition 2 to the optimization cost in (20), we

have a lower bound of the optimization cost given by
K∑

k=1

Nf∑
i=1

Tr
(
AHHN

k,iA
(
AHHD

k,iA
)−1

)

≥
K∑

k=1

Nf∑
i=1

Tr
(
AHHN

k,iA
)

Tr
(
AHHD

k,iA
)

≥
K∑

k=1

Nf∑
i=1

Tr
(
AHHN

k,iA
)

∑K
k=1

∑Nf

i=1 Tr
(
AHHD

k,iA
) (26)

=
Tr

(
AH

(∑K
k=1

∑Nf

i=1 H
N
k,i

)
A
)

Tr
(
AH

(∑K
k=1

∑Nf

i=1 H
D
k,i

)
A
) , (27)

where (26) holds since HD
k,i is positive definite ∀ k, i. Thus,

the analog beamformer design problem can be reformulated
as maximizing the lower bound of the sum SLNR:
Problem 3:

A∗ = argmax
A

Tr
(
AH

(∑K
k=1

∑Nf

i=1 H
N
k,i

)
A
)

Tr
(
AH

(∑K
k=1

∑Nf

i=1 H
D
k,i

)
A
)

s.t. aHr ar = 1, ∀r = 1, · · · , Na. (28)

The above problem with a relaxed constraint
∑Na

r=1 a
H
r ar =

Na instead of aHr ar = 1, ∀r = 1, · · · , Na was solved in
[9, Sec.V.]. However, with the stricter constraint of aHr ar =
1, ∀r = 1, · · · , Na, the solution in [9] is not applicable. One
way to solve Problem 3 is to impose a stricter constraint of
AHA = I than aHr ar = 1, ∀r = 1, · · · , Na. Problem 3 with
the new constraintAHA = I is called a trace ratio problem or
trace quotient problem and the exact solution of a trace ratio
problem can be obtained by applying one of several existing
numerical algorithms [10], [14]. Furthermore, Problem 3 can
be approximated by the following ratio trace problem:

Problem 4:

max
A

Tr
{
AH

(∑K

k=1

∑Nf

i=1
HN

k,i

)
A

·
[
AH

(∑K

k=1

∑Nf

i=1
HD

k,i

)
A
]−1

}
(29)

s.t. aHr ar = 1, ∀r = 1, · · · , Na.

This ratio trace problem was nicely solved in [12] by us-
ing GED, as already mentioned. Let vi be the general-
ized eigenvector of the matrix pencil (

∑K
k=1

∑Nf

i=1 H
N
k,i,∑K

k=1

∑Nf

i=1 H
D
k,i) associated with the i-th largest generalized

eigenvalue. Then, the solution to Problem 4 is given by
Â∗ =

[
v1

||v1||
, v2

||v2||
, · · · , vNa

||vNa ||

]
. Note that the cost in (29)

depends only on the subspace spanned byA [12]. The solution
to Problem 3 with the relaxed constraint

∑Na

r=1 a
H
r ar = Na

is given by η [v1, · · · ,vNa
] for some constant η [9] .

IV. NUMERICAL RESULTS

We here provide some numerical result to evaluate the
performance of our hybrid beamformer design algorithm pre-
sented in the previous section. We considered a MU-MISO-
OFDM system with the number of BS transmit antennas
Nt = 64, the number of RF chains Na = 8, and the
number of subcarriers Nf = 128. We set the number of users
served at each subcarrier to be the same as the number of
RF chains, i.e., K = Na = 8. We assumed that the size of
CP is Ncp = Nf/8 and used the wideband MISO channel
model (6) with D = Ncp and Ls = 8. The gain and AoD
for the model (6) were independently generated according to
αk(i),m,l ∼ CN (0, 1) and φk(i),m,l ∼ Unif[−π/2, π/2]. We
set the noise to have zero mean and unit power σ2 = 1.
Fig. 1 shows the sum rate performance of the proposed

wideband hybrid beamformer design algorithm versus the
signal-to-noise-ratio (SNR) defined as ρ = P/(σ2NaNf ). For
a reference, we used a modified version of the narrow-band
MU hybrid beamformer design method in [3]; we applied the
method in [3] to the center subcarrier to design an analog
beamformer and then, with the effective channel given by the
product of the analog beamformer and the actual channel for
each subcarrier, we designed a separate digital beamformer
for each subcarrier based on ZF. We also considered the
case in which the analog beamformer is designed based on
the proposed method and the digital beamformer is designed
separately with ZF based on the effective channel for each
subcarrier. It is seen that the proposed analog and digital
beamformer design method performs better than the other two
methods. Note that there exists gain in designing a common
analog beamformer by considering impacts on all subcarrier
channels and there exists additional gain in designing digital
beamformers based on SLNR over ZF at low SNR.

V. CONCLUSION

In this paper, we have considered analog-and-digital hybrid
beamformer design for mmWave wideband MU-MISO-OFDM
downlink systems, a common analog beamformer is used
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for all subcarriers while a separate digital beamformer is
applied to each subcarrier. Adopting the SLNR approach to
this problem, we have derived the optimal digital beamformer
and the corresponding SLNR for each user as functions of
the analog beamformer. Based on this derived expression,
we have formulated the common analog beamformer design
problem as a trace quotient problem, which can efficiently
be solved by existing algorithms. The derived algorithm is
simple and provides an effective way to joint design of the
analog beamformer and digital beamformers in wideband
hybrid beamforming.

APPENDIX

FGk(i)(INf
⊗A)(FH ⊗ INa

)

= FGk(i)(FH ⊗A) (30)
= FGk(i)Π1Π

T
1 (F

H ⊗A) (31)

= F
[
G

(1)

k(i) · · · G
(Nt)

k(i)

]⎡⎢⎣ FH ⊗α
H
1

...
FH ⊗α

H
Nt

⎤⎥⎦ (32)

= F
∑Nt

n=1
G

(n)

k(i)(F
H ⊗α

H
n )

= F
∑Nt

n=1
G

(n)

k(i)(F
H ⊗α

H
n )Π2Π

T
2 (33)

= F
∑Nt

n=1
G

(n)

k(i)

[
an,1F

H , · · · , an,Na
FH

]
ΠT

2 (34)

=
[∑

n
an,1FG

(n)

k(i)F
H , · · · ,

∑
n
an,Na

FG
(n)

k(i)F
H
]
ΠT

2 .

Here, (30) holds because (A⊗B)(C⊗D) = (AC)⊗ (BD).
In (31), I = Π1Π

T
2 is inserted, whereΠ1 is the NfNt×NfNt

column permutation matrix that converts a block circulant
matrix to a row-wise concatenation of circulant matrices.
That is, Gk(i)Π1 =

[
G

(1)

k(i) · · · G
(Nt)

k(i)

]
, where G

(n)

k(i) is
an Nf × Nf circulant matrix composed of the columns
n, n+Nt, n+2Nt, · · · , n+(Nf−1)Nt ofGk(i) .ΠT

1 (F
H⊗A)

in (31) is expressed as the last term in (32), where α
H
n =

[an,1 · · · an,Na
] is the n-th row of A, to yield (32). In (33),

I = Π2Π
T
2 is inserted, where Π2 is the NfNa × NfNa

column permutation matrix that converts (FH ⊗ α
H
n )Π2 to[

an,1F
H · · · an,Na

FH
]
.

Since G
(n)

k(i) is a circulant matrix, it can be diagonalized by
DFT. Let FG(n)

k(i)F
H = Λ

(n)

k(i) = diag(λ(n)

k(i),1
, . . . , λ

(n)

k(i),Nf
).

Then, we have

FGk(i)(INf
⊗A)(FH ⊗ INa

)

=

[∑Nt

n=1
an,1Λ

(n)

k(i) , · · · ,
∑Nt

n=1
an,Na

Λ
(n)

k(i)

]
ΠT

2

=

⎡⎢⎢⎣
∑Nt

n=1 λ
(n)

k(i),1
α

H
n

. . . ∑Nt

n=1 λ
(n)

k(i),Nf
α

H
n

⎤⎥⎥⎦

=

⎡⎢⎢⎣
[λ

(1)

k(i),1
· · ·λ(Nt)

k(i),1
]A

. . .
[λ

(1)

k(i),Nf
· · ·λ(Nt)

k(i),Nf
]A

⎤⎥⎥⎦
= diag(hH

k(i),1A, · · · ,hH
k(i),Nf

A),

where hH
k(i),j

:= [λ
(1)

k(i),j
· · · λ

(Nt)

k(i),j
] for j = 1, . . . , Nf
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