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Abstract— In this paper, a new method of fast beam search and
refinement is proposed for millimeter-wave hybrid beamforming
systems. The proposed method is based on a two-level phased
array approach in which the first-level phased array is formed
by actual analog-domain subarrays, and the second-level phased
array is virtually formed by the outputs of the first-level subarray
phased combiners. Exploiting the fact that the overall beam
pattern of the two-level array is the product of the beam patterns
of the two levels, the proposed method searches angle-of-arrivals
by sweeping coarse-resolution analog training beams at the
first-level phased array and matching the first-level subarray
outputs with fine-resolution digital training beams by parallel
fast Fourier transform (FFT) filtering. In this way, the overall
beam search resolution of the proposed method is given by the
fine resolution of the second-level virtual array only with the
overhead of coarse beam sweeping at the first-level subarrays.
Hence, the proposed method provides a very efficient way of
beam training and refinement. The performance of the proposed
method including the directional ambiguity, beam search latency,
and computational complexity is analyzed. Numerical results
show the effectiveness of the proposed method.

Index Terms— Millimeter wave, massive MIMO, hybrid
beamforming, beam search, beam refinement, grating lobes.

I. INTRODUCTION

M ILLIMETER-WAVE (mmWave) communication is one
of the key technologies to support extremely high data

rates in 5G-and-beyond wireless systems, but radio channels
in the mmWave band are not so favorable as compared to
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those in the previously-used lower cellular frequency bands.
Radio propagation in the mmWave band is highly-directional
with large path loss and very few multi-paths. In order to
overcome such large path loss and to realize reliable commu-
nication in the mmWave band, highly-directional beamform-
ing is necessary for mmWave communication. Fortunately,
highly-directional beamforming is feasible with large-scale
antenna arrays which can be packed into small areas due to
the short wavelength in the mmWave band. However, such
highly-directional beamforming requires accurate knowledge
of angle-of-arrivals (AoAs) and angle-of-departures (AoDs) of
the mmWave propagation channel paths to achieve beam align-
ment between the transmitter and the receiver. Typically, AoA
and/or AoD search for beam alignment is performed during the
beam training before data transmission, and the beam training
overhead is a major burden that reduces the spectral efficiency
in mmWave systems [1]. For example, the beam management
procedure of 3GPP includes beam sweeping that covers the
entire angular space for initial link setup or link failure recov-
ery [1]. In general, the beam training overhead scales with the
level of spatial resolution and the dynamics of the propagation
environment [2], and thus the beam training overhead increases
with high beamforming gain with narrow beamwidth. Hence,
the invention of fast and efficient beam training methods for
high-directional beamforming is one of the key challenges
to realize spectrally-efficient mmWave communication sys-
tems. In this paper, among several beamforming architectures
[3], [4], we consider the hybrid beamforming architecture,
which is considered to be a practical trade-off solution to
mmWave beamforming from the perspective of hardware com-
plexity and performance in-between full digital beamforming
and full analog beamforming [5], [6], and tackle the problem
of fast beam search and refinement in uplink beam training
for the hybrid beamforming architecture.

A. Contributions of the Paper

Most prior work on hybrid beamforming in mmWave
systems focused on achieving spectral-efficient transmission
compared to full digital beamforming. On the other hand, this
work mainly studies the impact of the number of RF chains in
a hybrid beamforming framework on beam search to present
highly-efficient beam training design. The contributions of the
paper are summarized as follows.
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• We propose a new beam search and refinement frame-
work for uplink beam training based on a two-level
phased array approach. In the proposed approach, the
first-level phased array is formed by actual analog-
domain subarrays and the second-level phased array is
virtually formed by the outputs of the first-level subar-
ray phased combiners. The proposed method achieves
high-resolution low-complexity AoA search by sweeping
coarse-resolution analog training beams at the first-level
phased array and matching the first-level subarray outputs
with fine-resolution pipelined FFT filtering.

• We show that the overall beam pattern of the two-level
array is the product of the beam patterns of the first-level
array and the second-level virtual array, and the overall
beam search resolution of the proposed method is given
by the fine resolution of the second-level virtual array.
Since only coarse analog training beams are swept while
the second-level digital beam training for each analog
beam is done in a parallel manner by digital processing,
the overall beam training overhead in terms of signalling
in space is the same as that of the coarse analog beam
sweeping at the first-level subarrays.

• We provide error analysis on the proposed beam search
method in terms of the directional ambiguity. We present
a comparison of beam search latency and computational
complexity of several beam search methods.

• We present extensions of the proposed method to an
interleaved linear subarrays, multi-user case, and joint
transmit and receive beam search.

B. Related Works

We here cover only the most relevant references to our
work from the perspective of beam training overhead reduction
due to space limitation, although there exist many works
on hybrid beamforming from other perspectives. One line
of research to reduce the antenna training time and the
associated overhead is hierarchical beamforming. In this line
of research, much of the prior work investigates the design of
variable beamwidth codebooks [7]–[10]. However, one draw-
back of the hierarchical beam search is asymmetric coverage
of wide and narrow beams. This makes hierarchical beam
search complicated because multiple transmissions of wide
beams increase the beam alignment delay, and allocating more
power to transmit wide beams and less power to transmit
narrow beams requires a wide dynamic range for power
amplifiers. The most related work to our approach is previ-
ous subarray-based methods. In the previous subarray-based
beamforming methods, in order to reduce the beam training
overhead, the time delay from different phased subarrays is
exploited for beam search per overlapped subarray [11] and
per non-overlapped subarray [12]. In [12]–[18], the authors
present cross-correlation-based beam search algorithms based
on subarrays [12]–[14] and subspace projection-based AoA
estimation algorithms [15], [16], under the assumption that
the same phase-shift is applied to each analog subarray.
The inherent phase ambiguity in AoA detection associated
with subarray-based methods is resolved by sounding addi-
tional training symbols [12], [16], post-processing in the

frequency domain [13], noise subspace projection [15], and
iterative update [17], [18]. In [19]–[21], the authors consider
using different phase-shift to each analog subarray in order to
reduce the beam search latency, and the gains of consecutive
subarrays are coherently combined by calibrating the signs of
cross correlations among the outputs of subarrays.

The main difference between the proposed method and
the previous subarray-based methods is that in the proposed
method we form a second-level phased array based on the
analog subarray outputs, and this enables us to use the narrow
grating lobes of the undersampled second-level virtual phased
array and to exploit the combined beam pattern of the first- and
second-level phased arrays for efficient unambiguous beam
search without additional training symbols or complicated
processing such as serial interference cancellation used in the
previous methods.

C. Notations and Organization

Vectors and matrices are written in boldface with matrices
in capitals. All vectors are column vectors. For a matrix A,
AT , AH , and A† indicate the transpose, Hermitian transpose,
and Moore-Penrose inverse of A, respectively. diag(·) denotes
a diagonal matrix. For a vector a, ‖a‖ represents vector
�2-norm. 0n and 1n are the zero vector of length n and
the one vector of length n, respectively. en(i) denotes the
i-th column vector of the identity matrix of size n × n. In
is the identity matrix of size n × n. E{·} denotes statistical
expectation. a ∼ CN (μ,Σ) means that random vector a is
complex circularly-symmetric Gaussian distributed with mean
vector μ and covariance matrix Σ. N and C denote the sets
of natural numbers and complex numbers, respectively. The
symbol \ and ⊗ denote the set minus operation and the
Kronecker product, respectively. j :=

√−1.
This paper is organized as follows: The system model is

described in Section II. Section III describes the proposed
beam search framework. Analysis on the proposed method is
provided in Section IV. Extensions of the proposed method
to an interleaved linear arrays and the cases of multiples
users and joint transmit and receive beam search are discussed
in Section V. Numerical results are provided in Section VI,
followed by conclusions in Section VII.

II. SYSTEM MODEL

A. System Setup

In this paper, we consider a wideband hybrid beamforming
system composed of a base station (BS) equipped with a
uniform linear array (ULA) of N elements and a single-
antenna user, and focus on the beam search at the BS in
uplink training.1 We assume that the ULA at the BS has
half-wavelength inter-element spacing d = λ/2, where λ is
the carrier wavelength, and has a multi-subarray architecture.
That is, the N antenna elements are grouped into M analog
phased subarrays so that each analog phased subarray has

1The proposed beam search algorithm can be extended to two-dimensional
uniform planar subarrays, and the trained beams in the uplink can be used
directly in the downlink in the TDD case.
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Fig. 1. The considered subarray-based hybrid beamforming architecture.

N/M antennas elements and is attached to a radio-frequency
(RF) chain after phased combining.2 Then, the overall M RF
chains are connected to a digital processing unit, as shown
in Fig. 1. We assume that M is a divisor of N with M ≥ 2,
i.e., N/M ∈ N. Thus, the spacing between two adjacent
subarray centers is dNM = λ

2
N
M .

We assume orthogonal frequency-division multiplexing
(OFDM) for wideband processing. Under the assumption of
OFDM with the discrete Fourier transform (DFT) size K ,
the received signal at the k-th subcarrier of the i-th OFDM
symbol is processed by the hybrid combiner f (i)

k = F(i)
RF f (i)

BB,k

with unit power constraint ‖f (i)
k ‖2 = 1, where F(i)

RF ∈ C
N×M

is the wideband analog beamformer shared by all subcarriers
and f (i)

BB,k ∈ CM is the digital beamformer in the baseband
for the k-th subcarrier. We assume block-wise transmission
in which each transmission block of NB OFDM symbols
consists of the initial NP pilot symbols and the following
NB −NP data symbols. Then, the received signal at the k-th
subcarrier of the i-th symbol after hybrid beamforming can be
expressed as

y
(i)
k = f (i)H

BB,k

(
F(i)H
RF

(
hkx

(i)
k + v(i)

k

))
(1)

= f (i)H
BB,k

(
F(i)H
RF hkx

(i)
k + n(i)

k

)
(2)

= f (i)H
k hkx

(i)
k + z

(i)
k , (3)

where k ∈ {1, · · · ,K}, i ∈ {1, · · · , NB}, x(i)
k is the transmit

symbol with power constraint E{|x(i)
k |2} = ρ, hk ∈ CN is

the uplink channel vector, v(i)
k ∈ C

N is independent and
identically distributed (i.i.d.) zero-mean Gaussian noise with
v(i)
k ∼ CN (0N , σ2

nIN ), n(i)
k = F(i)H

RF v(i)
k with F(i)H

RF F(i)
RF =

IM , and z(i)
k := f (i)H

BB,kn
(i)
k ∼ CN (0, σ2

n) with ‖f (i)
BB,k‖2 = 1.

During the training period (i.e., 1 ≤ i ≤ NP ), x(i)
k is the

uplink pilot symbol and F(i)
RF is the receive antenna weight

matrix to scan different spatial directions for receiver beam
training. Once the best F(i)�

RF is found, the digital precoder is

2In the fully-connected hybrid beamforming case, we turn on only the
corresponding phase shifters to form a set of M subarrays in the beam training
period. After AoA identification, all antenna elements per each RF chain can
be used for directional beamforming to the identified AoA.

designed to optimize the desired performance criterion, e.g.,
as in [22]

f (i)�
BB,k = h̃Hk

(
h̃kh̃Hk + (σ2

n/ρ)‖f (i)
BB,k‖2

)−1

, (4)

where h̃k = F(i)H
RF hk. During the data transmission period

(i.e., NP < i ≤ NB), the receiver-side processing of the data
symbol x(i)

k is based on the hybrid beamformer F(i)�
RF f (i)�

BB,k

obtained during the training period. From (3), the received
signal-to-noise ratio (SNR) with the obtained hybrid combiner
is expressed as

SNRk =
ρ

σ2
n

∣∣∣f (i)H
k hk

∣∣∣2 . (5)

From here on, the superscript (i) representing the symbol
index will be omitted if unnecessary.

Under the assumed phased subarray architecture for analog
beamforming, the m-th column vector fRF,m of FRF is
given by

fRF,m(ψm) =

[
0T

(m−1) N
M
,

√
M

N
uTN

M ,d
(ψm),0T

(M−m) N
M

]T
,

(6)

where 1 ≤ m ≤ M , ψm is the normalized look-angle of the
m-th phased subarray, and uL,d(·) ∈ CL is the array response
vector given by

uL,d(ϕ) =
[
1, ej

2πd
λ ϕ, · · · , ej 2πd

λ ϕ(L−1)
]T
. (7)

Here, d is the inter-element spacing assumed to be d = λ/2,
and the normalized angle ϕ is defined as ϕ = cos(φ) ∈ [−1, 1)
for the one-sided physical azimuth angle φ ∈ (0, π]. There
is a one-to-one mapping between ϕ and φ in the visible
region −1 ≤ ϕ < 1 [23, Ch. 22]. Note that due to the
subarray structure, fRF,m(ψm) has N/M non-zero elements
corresponding to the m-th subarray.

B. Channel Model

We adopt the sparse geometry-based channel model
to incorporate directional beams in mmWave communica-
tion [24], [25]. Under this model, the multi-tap channel vector
η(ν) for ULA in time domain is given by

η(ν)=
Ncp∑
�=1

α�p(νTs −τ�,ν)diag(r(θ�))uN,d(θ�), 0 ≤ ν < D,

(8)

for the ν-th delay tap, where α�, τ�,ν , and θ� denote the
gain, delay, and AoA of the �-th path, respectively; Ncp
is the number of paths; p(·) represents the combination of
transmit and receive pulse-shaping filters; and r(·) ∈ CN

denotes the radiation pattern assumed to be omnidirectional,
i.e., r(·) = 1N . Then, the channel vector hk in frequency
domain at the k-th subcarrier after DFT is given by

hk =
Ncp∑
�=1

α�g�,kuN,d(θ�), (9)
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Fig. 2. |AFψL,δ(θ)|2 with critical sampling d = λ/2: L = 8 in this example.

where g�,k =
∑D−1

ν=0 p(νTs − τ�,ν)e−j2π
kν
K . Eq. (9) can be

rewritten in matrix form as

hk = Udiag(α1, · · · , αNcp)gk, (10)

where U =
[
uN,d(θ1), · · · ,uN,d(θNcp)

] ∈ CN×Ncp and

gk = [g1,k, · · · , gNcp,k]T = (D(k, :)[p1, · · · , pNcp ]
)T

. Here,
D(k, :) denotes the k-th row of the K-point DFT matrix
D, and p� = [p(−τ�,0), p(Ts − τ�,1), · · · , p((D − 1)Ts −
τ�,D−1)]T ∈ CD.

Definition 1 (Array Factor): The array factor (AF) for
ULA is defined by

AFψL,δ(θ) : =
1√
L

uHL,δ(ψ)uL,δ(θ)

= ej
πδ
λ (θ−ψ)(L−1) sin

(
Lπδλ (θ − ψ)

)
√
L sin

(
πδ
λ (θ − ψ)

) . (11)

where θ is the AoA and ψ is the look-angle. Here, the second
part of the right-hand side (RHS) of (11) is known as the
Dirichlet kernel [26].

Then, the received signal output at the m-th subarray after
analog phased combining (excluding receive noise) can be
expressed as

h̃ψm

k (m) : = (fRF,m(ψm))H hk

=
Ncp∑
�=1

α�g�,ke
jπθ�

N
M (m−1)AFψm

N/M,λ/2(θ�). (12)

As seen in (12), the AF represents the strength of the
received signal as a function of AoA and look-angle and hence
it determines the beam pattern. An example of d = λ/2 and
L = 8 is shown in Fig. 2. In the case of critical sampling
(d = λ/2) with L elements, we have a single main lobe, and
the half of the base of the main beamwidth (HBW) is defined
the angle width from the main lobe center to the main lobe
null point, given by 2/L, as shown in Fig. 2 [23]. The HBW
is not equal to but close to the half-power beamwidth. Since
it is analytically simple, this definition of HBW will be used
in this paper.

III. THE PROPOSED BEAM SEARCH FRAMEWORK

In this section, we present our beam search method based on
a virtual two-level phased array for the subarray-based hybrid
beamforming framework.

A. Beam Search and Refinement Based on
Two-Level Phased Arrays

In the proposed beam search and refinement method,
we first set the look-angle values ψ1, · · · , ψM for the M
analog phased subarrays in (6) to be equal, i.e., ψ1 = · · · =
ψM = ψ.3 Next, the phase-combined output signals of the M
analog subarrays at the k-th subcarrier are further combined
by the digital combiner, as seen in (2). Regarding the design
of digital combiner for the given phased analog subarrays,
we have the following proposition:

Proposition 1: Suppose that we aim to detect each single
AoA expressed in terms of the channel vector as hk =
α1 g1,kuN,λ

2
(θ1). Then, an optimal hybrid combiner that

maximizes the received SNR (5) is given by spatial matched

filter, i.e., fRF,m = eM (m) ⊗
√

M
N u N

M ,λ
2
(θ1) and fBB,k =

1√
M

uM,λN
2M

(θ1).

Proof: From (5), the received SNR is given by

SNRk =
ρ

σ2
n

∣∣fHk hk
∣∣2 =

ρ

σ2
n

|α1g1,k|2
∣∣∣fHk uN,λ

2
(θ1)

∣∣∣2 (13)

(a)

≤ ρ

σ2
n

|α1g1,k|2 ‖fk‖2
∥∥∥uN,λ

2
(θ1)

∥∥∥2

=
ρ

σ2
n

|α1g1,k|2N
(14)

where the inequality (a) holds by the Cauchy-Schwartz
inequality, and the SNR upper bound is achieved when fk =
cuN,λ

2
(θ1) for some constant c due to the properties of

the Cauchy-Schwartz inequality. On the other hand, when

the RF beamformer fRF,m = eM (m) ⊗
√

M
N u N

M ,λ
2
(θ1) is

combined with digital beamformer fBB,k = 1√
M

uM,λN
2M

(θ1),
the combined beamformer becomes

fk = FRF fBB,k=

(
IM ⊗

√
M

N
u N

M ,λ2
(θ1)

)
1√
M

uM, λN
2M

(θ1)

=

(
1√
M

uM,λN
2M

(θ1) ⊗
√
M

N
u N

M ,λ
2
(θ1)

)

=
1√
N

uN,λ
2
(θ1). (15)

Note that the combined beamformer is the beamformer achiev-
ing the SNR upper bound (14). �

Based on Proposition 1, in order to maximize the received
SNR for AoA detection, we set the digital combiner as another
phased array combiner with look-angle ξ:

fBB,k(ξ) :=
1√
M

[
1, ejπξ

N
M , · · · , ejπξ N

M (M−1)
]T

∈ C
M .

(16)

3The proposed algorithm can be extended to the case in which distinct
analog beam look-angle values are used at the first-level subarrays. However,
this case leads to a biased estimate of AoA.
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The second-level combiner fBB,k(ξ) looks at the normalized
angle ξ with a virtual array of M elements with spacing
λ
2
N
M , which is the distance between two adjacent analog

subarray centers. Note that for quantized values of ξ, the digital
combiner can be implemented simply by using DFT. In the
remainder of the paper, we will use the term “the first-level
subarray” to refer to each of M subarrays of N/M elements
with inter-spacing λ/2 and the term “the second-level virtual
array” to refer to the M outputs of the M first-level subarrays
with inter-spacing λ

2
N
M .

The output of the second-level virtual phased array com-
biner is written as

yψ,ξk := fBB,k(ξ)H
(
h̃ψk xk + nk

)
= h̃ψ,ξk xk + zk, (17)

where h̃ψk = FHRFhk = [h̃ψk (1), · · · , h̃ψk (M)]T ∈ CM with
h̃ψk (m) defined in (12), and zk ∼ CN (0, σ2

n). In (17), h̃ψ,ξk :=
fBB,k(ξ)H h̃ψk represents the effective channel gain at the k-th
subcarrier obtained jointly by the first-level phased subarray
with look-angle ψ and the second-level virtual array with look-
angle ξ, and is expressed as

h̃ψ,ξk =
∑Ncp

�=1 α�g�,kAF
ψ
N/M,λ/2(θ�)AF

ξ

M, λN
2M

(θ�), (18)

where AFψN/M,λ/2(θ�) and AF ξ
M, λN

2M

(θ�) represent the AFs
of the first-level phased subarray and the second-level virtual
phased array, respectively.

Proposition 2: When the channel has a single AoA,
i.e., hk = α1g1,kuN,λ

2
(θ1) in (9), the following holds for

the two-level phased array:
∣∣h̃ψ,ξk

∣∣2≤∣∣h̃ψ,θ1k

∣∣2≤∣∣h̃θ1,θ1k

∣∣2 =
N |α1g1,k|2.

Proof: From (18), we have∣∣h̃ψ,ξk

∣∣2/|α1g1,k|2

=
∣∣∣AFψN/M,λ/2(θ1)AF

ξ

M, λN
2M

(θ1)
∣∣∣2

=

⎛
⎝ sin

(
N
M

π
2 (θ1 − ψ)

)
√

N
M sin

(
π
2 (θ1 − ψ)

) sin
(
M πN

2M (θ1 − ξ)
)

√
M sin

(
N
M

π
2 (θ1 − ξ)

)
⎞
⎠

2

(19)

(a)

≤
(
M√
N

sin
(
N
M

π
2 (θ1 − ψ)

)
sin
(
π
2 (θ1 − ψ)

)
)2

=
∣∣∣AFψN/M,λ/2(θ1)AF

θ1
M, λN

2M

(θ1)
∣∣∣2 =

∣∣h̃ψ,θ1k

∣∣2/|α1g1,k|2
(b)

≤
∣∣∣AF θ1N/M,λ/2(θ1)AF

θ1
M, λN

2M

(θ1)
∣∣∣2 =

∣∣h̃θ1,θ1k

∣∣2/|α1g1,k|2

= N =
∣∣∣AF θ1N,λ/2(θ1)∣∣∣2 . (20)

In step (a), we used the fact that
sin(M πN

2M (θ1−ψ))√
M sin( N

M
π
2 (θ1−ψ)) ≤ √

M =

|AF θ1
M, λN

2M

(θ1)| for the second-level virtual array, and in step

(b), we used the fact that
sin( N

M
π
2 (θ1−ψ))√

N
M sin( π

2 (θ1−ψ))
≤ √

N/M =

|AF θ1
N/M,λ

2
(θ1)| for the first-level subarrays. �

Proposition 2 states that the two-level phased array architec-
ture achieves the full array combining gain N , when both the
look-angles of the first-level subarrays and the second-level

virtual array hit the true AoA, i.e., ψ = ξ = θ1. Thus,
the remaining task for beam training is to determine the look-
angles ψ and ξ of the two-level arrays during the training
period. For beam training and search, we here consider quan-
tized beam search. Note that the search for the look-angle ψ of
the first-level subarrays should be done in analog domain with
actual beam sweeping, but the search for the look-angle ξ of
the second-level virtual array for a given ψ is done in digital
domain. Hence, the search for multiple values of ξ in a parallel
manner is possible. Considering these facts, we assume a
coarse spatial resolution for the first-level actual analog beam
sweeping and a fine spatial resolution for the second-level
parallel beam search. Thus, we design the training beam (or
look-angle) sets BI1 for ψ and BI1,I2 for ξ as follows. First,
we design BI1 as

BI1 =
{
ψ(i1) = −1 +

2
I1

(
i1 − 1

2

)∣∣∣∣ i1 = 1, · · · , I1
}
, (21)

for some integer I1. The I1 quantized angles in BI1 are evenly
spaced over the entire normalized angle value range [−1, 1)
with spacing 2/I1. Next, we design BI1,I2 as

BI1,I2 =
{
ξ(i1, i2) = ψ(i1) +

2 (i2 − 1 − (I2 − 1)/2)
I1 I2

∣∣∣∣
ψ(i1) ∈ BI1 ,

i1 = 1, · · · , I1
i2 = 1, · · · , I2

}
, (22)

where ξ(i1 − 1, I2) + 2
I1 I2

= ξ(i1, 1) ≤ ξ(i1, i2) ≤
ξ(i1, I2) = ξ(i1 +1, 1)− 2

I1 I2
. As seen in (22), the quantized

angles in BI1,I2 are evenly spaced over [−1, 1) with spacing
2/(I1 I2). Note that BI1,I2 has a finer resolution than BI1 , and
{ξ(i1, 1), · · · , ξ(i1, I2)} is a set of I2 finely quantized steering
angles around ψ(i1) for given i1 ∈ {1, · · · , I1}. Here, we set
I1 and I2 as follows:

I1 ≥ N/M and I2 ≥M. (23)

I1 ≥ N/M implies that the number of analog training beams
is at least as many as the number of orthogonal beams of each
analog subarray with N/M elements, and I2 ≥M ensures that
the fine training beam spacing 2/(I1I2) is less than or equal
to the HBW 2/N of one of the dominant lobes of the second-
level array. (This will become clear shortly.)

The main advantage of the considered virtual two-level
beam search approach is that although the actually-swept
analog training beams have a coarse resolution, the overall
resolution of the two-level array approach follows the fine
resolution of the second-level virtual array. This is because
the overall training beam pattern of the two-level phased
array approach is given by the product of the array fac-
tors AFψN/M,λ/2(θ) and AF ξ

M, λN
2M

(θ) of the first-level and
second-level phased arrays, as seen in (17) and (18). Let
us explain this with an example shown in Fig. 3. In this
example, we consider the case of total N = 16 receive antenna
elements at the BS. First, we consider the beam pattern of a
single-level ULA with N = 16 and critical spatial sampling
d = λ/2, which can be obtained by analog beamforming
with N = 16. Fig. 3(a) shows the beam pattern of a single-
level ULA with N = 16 and d = λ/2 looking at near 105◦.
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Fig. 3. Beam patterns for N = 16, M = 4, I1 = 4, I2 = 4, i1 = 2, and i2 = 3: (a)
��AF

ξ(i1,i2)
N,λ/2

(θ)
��2, (b)

��AF
ψ(i1)
N/M,λ/2

(θ)
��2, (c)

��AF
ξ(i1,i2)
M,λN/(2M)

(θ)
��2,

and (d)
��AF

ψ(i1)
N/M,λ/2

(θ)AF
ξ(i1 ,i2)
M,λN/(2M)

(θ)
��2. (Patterns below 0 dB are not drawn.)

The HBW of the beam pattern in this case is narrow and given
by 2/N = 1/8 [23]. Next, consider the two-level approach
for the same N = 16 with M = 4, I1 = 4, and I2 = 4.
Fig. 3(b) shows the beam pattern of each of the four (M = 4)
first-level subarrays (each having 4 antenna elements) with
ψ1 = · · · = ψ4 = ψ(2) ∈ BI1 and d = λ/2. In this case,
N/M = 4 antenna elements in each subarray critically sample
the space, and hence we see a single main lobe appearing in the
visible region in Fig. 3(b). This single main lobe has the HBW
2M/N = 2 · 4/16 = 1/2 which is M = 4 times wider than
the HBW in Fig. 3(a). Note that there exists 6 dB (i.e., factor
of 1/M ) beamforming gain loss in Fig. 3(b) as compared to
Fig. 3(a). Fig. 3(c) shows the beam pattern of the second-level
virtual array beam pattern (i.e., the beam pattern of an ULA
with four elements and spacing λN

2M (> λ
2 )). Note that this

second-level virtual array undersamples the space with inter-
element spacing λN

2M (> λ
2 ). Thus, the corresponding beam

pattern has multiple (N/M = 4) dominant peaks consisting of
the main and grating lobes with inter-beam spacing 2M/N .
The key point is that the HBW of each dominant beam is
2/N [23], which is the same as that of the single-level full-
array beam pattern in Fig. 3(a). Finally, Fig. 3(d) shows the
combined beam pattern obtained by the first-level subarrays
and the second-level virtual array for ξ(i1, 8). Note that
the unwanted grating lobes of the second-level virtual array
outside the single main lobe of the first-level subarray are
suppressed. Hence, the combined beam pattern shows a single
narrow main lobe, as shown in Fig. 3(d). Note also that
the 6 dB beamforming gain loss in Fig. 3(b) is now restored
in Fig. 3(d) due to 6 dB beamforming gain at the second-level
virtual array.

Since the HBW of each grating lobe of the second-level
beam pattern is narrow as 2/N , the direction of the second-
level beam in Fig. 3(c) can be adjusted with fine granularity
within the wide main lobe of Fig. 3(b) by setting the look-
angle of the second-level virtual array by digital processing.
Exploiting this fact, we illustrate the proposed hybrid beam
search framework in Fig. 4 under the setup ofN = 16, M = 4,

and I1 = I2 = 4. In the proposed method, as shown in Fig. 4,
all the first-level subarrays each with 4 antenna elements
probe the same-look angle ψ(i1) with critical spatial sampling
d = λ/2 so that the beam pattern of the first-level subarray has
only one single main lobe with HBW 2M/N = 2·4/16 = 1/2.
In the figure, we used ψ(2) for the first-level look-angle. The
analog-combined output signal from each first-level subarray
is followed by an RF chain and converted into a digital signal.
Then, the M = 4 digital signals are fed to four parallel fast
Fourier transform (FFT) filters i2 = 1, 2, 3, 4 (implementing
the second-level digital combiners) with look-angles ξ(i1 = 2,
i2 = 1), . . . , ξ(i1 = 2, i2 = 4), respectively, so that we
can simultaneously probe I2 = 4 beam directions ξ(i1 = 2,
i2 = 1), . . . , ξ(i1 = 2, i2 = 4) within the main-lobe
beamwidth of the first-level beam pattern. (Note that the digital
combining in (16) at the second-level virtual array is basically
the DFT-based matched filtering.) As seen in Fig. 3(d), the
combined beam pattern of the first-level subarray plus each
digital FFT filter is a narrow beam with HBW 2/N =
2/16 = 1/8. Thus, the proposed method simultaneously scans
I2 = 4 narrow beam directions within a wide main-lobe
beamwidth of the first-level subarrays in the digital domain.
Thus, we only need to scan the analog beam requiring pilot
symbol transmission only for N/M = 16/4 = 4 times instead
of N = 16 times.

Based on the above discussion, we present the proposed
beam search and refinement method based on the two-level
phased array approach in Algorithm 1. In the proposed
method, we sweep the coarse analog beams from ψ(1) to
ψ(I1) at the first-level analog subarrays. For each ψ(i1) ∈ BI1 ,
we compute the sum received power across all subcarriers:

T i1,i2 :=
1
K

K∑
k=1

∣∣∣yψ(i1),ξ(i1,i2)
k

∣∣∣2 , ∀i2 = 1, · · · , I2 (24)

to exploit all subcarriers for increased detection reliability, and
select î2(i1) as

î2(i1) = argmax1≤i2≤I2 T
i1,i2 , (25)
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Fig. 4. Illustration of the proposed two-level hybrid beam search framework: N = 16, M = 4, I1 = I2 = 4, and i1 = 2. (The output of the m©-th RF
chain is connected to the m©-th input of each FFT filter.)

Algorithm 1 The Proposed Beam Search Method
Require: I1, I2, NC where NC ≤ Ncp
1: for i1 = 1 : I1 do
2: Set the first-level subarray look-angle as ψ(i1).
3: for i2 = 1 : I2 do
4: Compute T i1,i2 in (25)
5: end for
6: î2(i1) = argmax1≤i2≤I2T i1,i2
7: end for
8: Select the NC pairs (i1, î2(i1)) yielding the NC largest
T i1 ,̂i2(i1) values.

where ξ(i1, i2) ∈ BI1,I2 . Note that the search (25) for the
best beam direction ξ(i1, î2(i1)) for given i1 ∈ {1, · · · , I1}
is done by post-processing and does not require actual phase
shift at the analog subarrays. Since the combined beam pattern
of the two-level phased array has a single narrow main lobe,
the algorithm has the capability to identify multiple AoAs
with resolvable angle separation. Hence, we select the NC
AoA estimates with the NC largest sum received power values
where NC ≤ Ncp. This can be used for multipath receiver
combining.

Remark 1 (Interpretation of the Proposed Method): Note
that we consider uplink beam training with an ULA of N
elements with inter-element spacing d = λ/2. Suppose that
we perform full digital beamforming with N RF chains, and
consider N orthogonal beams as the training beams. Then,
N orthogonal narrow beam training can be done all at one
in parallel by digital processing. On the other hand, suppose
that we perform full analog beamforming with a single RF
chain. Then, all N orthogonal narrow beams should be swept
for training. However, in the case of hybrid beamforming
with M subarrays each with N/M elements, as we propose,
we can construct the two-level phased array. Then, the beam
pattern of the two-level phased array is the product of the
first-level and second-level arrays and is similar to that of the
phased array of N elements at a single level. Here, first-level
coarse analog beams need to be swept but second-level
fine beam search can be done by digital processing. Thus,
we can achieve the performance of narrow beam training
with the sweeping overhead of coarse first-level analog beam
sweeping.

Remark 2 (Correction of Analog-Subarray Look-Angle):
Once the beam training is performed with fine resolution on
ξ, this fine-resolution AoA information can be fed back to the
analog subarrays to correct the look-angle of the first-level
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analog subarrays (coarsely determined in beam training) to
the more accurate look-angle for data reception to increase
the received power.

Remark 3 (Beam Refinement): When the channel direction
is already known with the coarsely quantized spatial resolution
BI1 in (21), only the beam refinement procedure, i.e., Lines
3-6 of Algorithm 1 can be performed.

Remark 4 (Cross/Dual-Polarized Subarrays): Note that the
proposed two-level beam search method is based on linear
subarrays. In the case that linear subarrays are difficult to
construct due to the form factor and subarrays are formed by
cross/dual polarization with elements at the same locations,
the phase-combined signal from each subarray does not have
phase difference and the proposed method is not applicable.

IV. ANALYSIS OF THE PROPOSED METHOD

In this section, we first analyze the unambiguity of the
AoA determined by the proposed two-level phased array beam
training method in the noiseless case. We then analyze the
performance of the proposed method in terms of beam search
latency and computational complexity.

A. Unambiguous Beam Detection

In the proposed two-level phased array method, the AF
of the second-level virtual array AF ξ

M, λN
2M

(θ�) exhibits N/M
major peaks composed of the wanted main and unwanted
grating lobes at ξ ∈ {

θ� + i′ 2MN ∈ [−1, 1) : i′ ∈ Z} over
the visible region [−1, 1) due to the undersampling virtual
array spacing λ

2
N
M . (Recall that the normalized angle interval

between two adjacent grating lobes is 2M/N .) This leads to
ambiguity in AoA estimation at the second-level virtual array.
(Other AoA estimation methods based on the outputs of the
analog subarrays show similar ambiguity problems since the
subarray spacing is larger than the critical spatial sampling
rate d = λ/2 [23].) That is, even if we determine ξ̂ for
AoA from the second-level virtual array, not only the angle
ξ̂ but also other (grating lobe) angles ξ̂ + i′ 2MN ∈ [−1, 1)
for feasible non-zero integer i′ are all AoA candidates with
the same quality due to the beam pattern structure of the
second-level virtual array, if we only consider the second-level
array. (Please see Fig. 3(c).) However, the AF of the first-
level subarray AFψN/M,λ/2(θ�) shows a single dominant peak
(i.e., the main lobe) in the visible region [−1, 1), and hence
the second-level directional ambiguity is resolved without
additional training or processing in the proposed two-level
phased array method when the overall two-level phased array
structure is considered. The following propositions elaborate
this quantitatively in the noiseless case.

Proposition 3: Let ξ̂ be the main-lobe look-angle of the
fine training beam in BI1,I2 that maximizes the magnitude
of the second-level AF. Then, for any grating-lobe look-angle
ξ′ = ξ̂ + i′ 2MN ∈ [−1, 1) with non-zero i′, we have∣∣∣AF ξ′N/M,λ/2(θ�)

∣∣∣2 ≤
(π

2

)4
(

1
2I2 − 1

)2 ∣∣∣AF ξ̂N/M,λ/2(θ�)
∣∣∣2 .

Hence, the grating-lobe ambiguity is suppressed by the pro-
posed two-level phased array search method when (23) is
satisfied with I2 ≥ 2.

Proof: With the condition (23) on I1 and I2, the fine
beam search spacing satisfies 2/(I1I2) ≤ 2/N , and the fine
beam search spacing is less than the HBW of each of the main
and grating lobes of the second-level array. So, the AF of the
second-level array AF ξ

M, λN
2M

(θ�) is maximized when choosing

ξ ∈ BI1,I2 that is closest to θ�. Let this ξ be denoted by ξ̂.
Define ε := θ� − ξ̂. Then, by the resolution of BI1,I2 in (22)
and the condition (23) on I1 and I2, we have

|ε| ≤ 1
I1I2

≤ M

N

1
I2

≤ 1
N

≤ 1. (26)

However, due to the presence of grating lobes, the same
maximum value of the AF of the second-level virtual array is
attained at ξ′ = ξ̂+ i′ 2MN /∈ Ri1 :=

[
ψ(i1) − M

N , ψ(i1) + M
N

]
,

where the feasible range for integer i′ is given by

i′ ∈
[
N
(−1 − ξ̂

)
2M

,
N
(
1 − ξ̂

)
2M

)
\{0} ⊂ (−N

M , NM
) \{0}.

(27)

Now, consider the AF values of the first-level phased array at
ξ′ and ξ̂. At ξ′, the AF of the first-level subarray is given by

∣∣∣AF ξ′N/M,λ/2(θ�)
∣∣∣2 =

(
sin
(
N
M

π
2 (ε− i′ 2MN )

)
√
N/M sin

(
π
2

(
ε− i′ 2MN

))
)2

=

(
sin
(
N
M

π
2 ε
)

√
N/M sin

(
π
2

(
ε− i′ 2MN

))
)2

,

since | sin(x − nπ)| = | sin(x)| for any integer n. Then,
we have∣∣∣AF ξ′N/M,λ/2(θ�)

∣∣∣2

≤ M

N

(
N
M

π
2 ε

sin
(
π
2

(
ε− i′ 2MN

))
)2

(28)

≤ M

N

(
N

M

)2(
π

2
M

N

1
I2

)2
(

1
sin
(
π
2

(
2M
N − |ε|))

)2

(29)

≤ N

M

(
π

2
M

N

1
I2

)2
(

1
2M
N − |ε|

)2

(30)

≤ N

M

(
π

2
M

N

1
I2

)2
(

1
M
N

2I2−1
I2

)2

=
N

M

(π
2

)2
(

1
2I2 − 1

)2

.

(31)

Here, (28) is valid since | sinx| ≤ |x|; (29) follows from (26)
and the fact that4

min sin2

(
i′
πM

N
− π

2
ε

)
= sin2

(
πM

N
− π

2
|ε|
)

; (32)

(30) holds because of 0 ≤ πM
N

(
1 − 1

2 I2

)
≤ πM

N − π
2 |ε| ≤

πM
N ≤ π/2 and Jordan’s inequality stating (2/π)x ≤ sinx for

0 ≤ x ≤ π/2 [27]; and finally, (31) holds by |ε| ≤ 1
I2
M
N .

4Since M/N ≤ 1/2 and |ε| ≤ 1
N

, the minimum of sin2
�
π
2
(ε − i′ 2 M

N
)
�

over the range of i′ in (27) occurs when i′ is 1 or -1 so that |i′ 2 M
N

− ε|
is minimized. (The minimum absolute value is 2M

N
− |ε|.) This is because

sin2(π
2
x) is a monotone decreasing function of |x| for 0 ≤ |x| ≤ 1.
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On the other hand, the magnitude of the AF of the first-level
subarray at ξ̂ is given by

∣∣∣AF ξ̂N/M,λ/2(θ�)
∣∣∣2 =

(
sin
(
N
M

π
2 ε
)

√
N/M sin

(
π
2 ε
)
)2

≥
(

2
π
N
M

π
2 ε√

N/M π
2 ε

)2

=
N

M

(
2
π

)2

, (33)

where in (33), we used (2/π)x ≤ sinx for 0 ≤ x ≤ π/2
for the numerator and sinx ≤ x for 0 ≤ x ≤ π/2 for the
denominator. Combining (31) and (33), we have (26). Finally,
when I2 = 2, we have

(
π
2

)4 (1/(2 I2 − 1))2 ≈ 0.6765 < 1.
Hence, when I2 ≥ 2, the combined gain of any grating lobe
angle is strictly less than that of the main lobe combined gain.
Hence, the ambiguity associated with the second-level virtual
array is resolved by the combined first-level beam pattern for
the two-level approach. �

In Proposition 3, it is implicitly assumed that ψ(i1) = ξ̂.
However, this assumption is not required, and the following
proposition states a relaxed version.

Proposition 4: If the AoA θ� under detection is located
within the HBW of the first-level array look-angle ψ(i1),
i.e., θ� ∈ Ri1 :=

[
ψ(i1) − M

N , ψ(i1) + M
N

]
, and ξ̂ is

in-between ψ(i1) and θ� with |ε| = |θ� − ξ̂| ≤ 1
I1I2

, then still
the ambiguity caused by the grating lobes of the second-level
array is resolved by the first-level array beam pattern.

Proof: Intuitively, this can be seen by noting the
beam pattern of the critically sampled first-level array shown
in Fig. 2. Recall the AF of the first-level array:∣∣∣AFψ(i1)

N/M,λ/2(θ�)
∣∣∣2 =

(
sin( N

M
π
2 θ̃)√

N/M sin(π
2 θ̃)

)2

, (34)

where θ̃ is the angle distance from the first-level look-angle
ψ(i1). First, note that N/M ≥ 2. This is because each
subarray has at least two elements. Otherwise, it is not called
the subarray architecture. When N/M = 2, we have only
the main lobe and no side lobes, and the main lobe gain
monotonically decreases as the measurement angle deviates
from the center. Hence, the first-level array gain for the grating
lobe of the second-level array (outside of the HBW of the
first-level array) is smaller than that for the main lobe of the
second-level array (between ψ(i1) and θ�). Now suppose that
N/M ≥ 3. Then, the first side lobe peak occurs nearly at
θ̃ = 3M/N [23] since in the numerator of the RHS of (34),∣∣∣sin(NM π

2 θ̃
)∣∣∣ = 1 at θ̃ = (2i+ 1)M/N for i = 1, 2, · · · , and

in the denominator of the RHS of (34), sin(π2 θ̃) is a monotone
increasing function of θ̃ for 0 ≤ θ̃ ≤ 1. Furthermore, the peak
at the first side lobe has the largest gain outside of the main
lobe. Hence, the maximum beam gain of the first-level array at
the grating lobe of the second-level array is upper bounded as(

sin( NM
π
2

3M
N )√

N/M sin
(
π
2

3M
N

)
)2

(a)

≤ 1
N
M

(
2
π
π
2

3M
N

)2 =
1
32

N

M
, (35)

where in step (a) we used (2/π)x ≤ sinx for 0 ≤ x ≤ π/2
since N/M ≥ 3 in the considered case. On the other hand,

the minimum beam gain of the first-level array at the main-lobe
look-angle ξ̂ of the second-level array is lower bounded as(

sin( NM
π
2
M
N )√

N/M sin
(
π
2
M
N

)
)2

(b)

≥ 1
N
M

(
π
2
M
N

)2 =
(

2
π

)2
N

M
, (36)

if θ� ∈ Ri1 =
[
ψ(i1) − M

N , ψ(i1) + M
N

]
, and ξ̂ is in-between

ψ(i1) and θl. This is because the main lobe beam gain
decreases monotonically as θ̃ increases from 0 ≤ θ̃ ≤ 2M

N ,
as seen in Fig. 2. In step (b), we used | sinx| ≤ |x|. From (35)
and (36), it is seen that the minimum gain for the second-level
main lobe is larger than the maximum gain for the second-
level grating lobe. Hence, we have the claim. Note from (35)
and (36) that at least the suppression 10 log10((2/π)232) ≈
5.62 dB for the grating lobes of the second-level array by the
first-level beam pattern is guaranteed under the condition of
Proposition 4. �

Since I1 ≥ N/M in our design (23), the difference between
ψ(i1) and ψ(i1 +1) is less than or equal to 2M/N , and hence
θ� ∈ Ri1 =

[
ψ(i1) − M

N , ψ(i1) + M
N

]
for the best ψ(i1).

Within the angle coverage of the best ψ(i1), ξ̂ = ξ(i1, î2(i1))
is found so that |θ�− ξ̂| ≤ 1/(I1I2). The grating lobe positions
at ξ̂+i′ 2MN for nonzero i′ is suppressed by the first-level array
beam pattern. Hence, in the noiseless case, there is no angle
ambiguity for the proposed two-level phased array method.

B. Beam Search Latency and Computational Complexity

We analyze the beam search latency and computational
complexity of the proposed beam search method. In the pro-
posed method, the implementation of digital filtering for AoA
estimation at the second-level virtual array can be achieved
with pipelined fast Fourier transform (FFT) filtering because
the digital combiner in (16) is the DFT-based matched filtering.
Table I shows the beam search latency and computational
complexity of several beam search methods, where the beam
search latency is measured by the number of required training
symbols, the computational complexity is measured by the
number of required complex multiplications occurring in both
analog and digital domains for each algorithm, and Nres(≥N)
is the target resolution factor whose inverse determines target
resolution 2/Nres = Δangle. In the proposed method, Nres =
I1I2 and Δangle = |ξ(i1, i2) − ξ(i1, i2 + 1)|. It is seen
that for the analog beamforming and the correlation-based
method, the number of training symbols increases linearly
with respect to Nres. For HDAPA and the proposed method,
on the other hand, the number of training symbols can be fixed
regardless of the target angular resolution Nres. Note that the
proposed method requires the least number of training beams
among the compared algorithms. Fig. 5(a) shows the beam
search latency measured by the number of required training
beams versus the beam resolution Nres for two different values
of M . Note that the latency gain by the proposed method
can be significant for high resolution beam search. Fig. 5(b)
shows the computational complexity as a function of Nres.
It can be shown from Table I that the proposed method has
the least complexity among the compared algorithms when
Nres ≥ N2

KM and M > 2. (The performance will be presented
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TABLE I

COMPARISON OF BEAM SEARCH LATENCY AND COMPUTATIONAL COMPLEXITY. (THE NOTATIONS IN THE FIRST COLUMN FOLLOW THE REFERENCES)

Fig. 5. Beam search latency and computational complexity: Comparison of several beam search methods for different M where N = 128 and K = 12.

in in SectionVI.) From Table I, we can see that the beam search
latency and the computational complexity of the proposed
method decreases as M increases, if M ≤ 2 ln 2 N2

NresK
.

V. EXTENSIONS OF THE PROPOSED METHOD

In this section, we consider several extensions of the
proposed method.

A. Beyond Partial Connection

First, we consider a structural extension beyond the partial
connection architecture shown in Fig. 1. We can consider
the M interleaved linear subarray architecture in which the
elements forming an analog subarray is spread across the
whole antena array. That is, in the M interleaved linear
subarray architecture, each analog linear subarray has N/M
antenna elements with inter-element spacing Mλ/2 but the
subarray spacing is now the same as the antenna element
spacing λ/2. In this case, based on Proposition 1, we set the
m-th column vector fRF,m of FRF and the digital combiner
fBB,k(ξ) as follows:

fRF,m(ψ) =
√
M/NuN/M,Mλ/2(ψ) ⊗ eM (m)

fBB,k(ξ) = (1/
√
M)uM,λ/2(ξ). (37)

Then, the combined beamformer achieves the maximum beam-
forming gain described in Proposition 1. In the interleaved
linear subarray case, we design the training beam sets B̃I1 for
ψ and B̃I1,I2 for ξ as follows:

B̃I1 =
{
ψ(i1) = −1 +

2
I1M

(
i1 − 1

2

)∣∣∣∣ i1 = 1, · · · , I1
}
,

for some integer I1 ≥ N/M . The I1 quantized angles in
B̃I1 are evenly spaced over a normalized angular interval[−1,−1 + 2

M

)
. Note that the remaining angular intervals

[−1, 1) \ [−1,−1 + 2
M

)
are covered by the grating lobes of

the first-level subarrays. Then, we design B̃I1,I2 as

B̃I1,I2 =
{
ξ(i1, i′2, i

′′
2)=ψ(i1)+

2
I1I2

(
i′2−

1
2

(
I2
M

+ 1
))

+
2
M

(i′′2 − 1)
∣∣∣∣ψ(i1) ∈ B̃I1 , i1 = 1, · · · , I1,

i′2 = 1, · · · , I2
M
, i′′2 = 1, · · · ,M

}
, (38)

where ξ
(
i1 − 1, I2M , i′′2

)
+ 2
I1I2

= ξ (i1, 1, i′′2) ≤ ξ (i1, i′2, i
′′
2) ≤

ξ
(
i1,

I2
M , i′′2

)
= ξ (i1 + 1, 1, i′′2) − 2

I1I2
and I2 ≥ M . Here,

the index i′2 is to obtain a set of I2
M finely quantized angles

around ψ(i1) and the index i′′2 is to set the main-lobe look
angle of the second-level virtual array to the i′′2 -th grating lobe
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Fig. 6. Block diagram of M interleaved linear arrays.

Fig. 7. Beam patterns for θ ∈ (−1, 1) where N = 16, M = 2, and
I1 = I2 = 4: (a) the first-level subarray pattern

��AF
ψ(i1)
N/M,Mλ/2

(θ)
��2, (b) the

second-level virtual array pattern
��AF

ξ(i1,i
′
2,i

′′
2 )

M,λ/2
(θ)

��2, and (c) the combined

pattern
��AF

ψ(i1)
N/M,Mλ/2

(θ)AF
ξ(i1,i

′
2,i

′′
2 )

M,λ/2
(θ)

��2. (Patterns below 0 dB are not
drawn.)

of the first-level subarrays. The quantized angles of B̃I1,I2 in
(38) are evenly spaced over [−1, 1) with spacing 2/(I1I2).

Fig. 7 shows the beam patterns in the interleaved linear
subarray case, where N = 16, M = 4, I1 = I2 = 4. It has a
dual structure to the beam pattern in Fig. 3. The beam pattern
of the first-level subarrays now has multiple M dominant
peaks (i.e., grating lobes) due to space-undersampling inter-
element spacing Mλ/2 and the second-level virtual array has
a single main lobe due to the critical subarray spacing λ/2.

Furthermore, the proposed method can be applied to the
general interleaved linear subarray framework in which each
of M analog subarrays has N

NgM
groups of Ng consecutive

antenna elements with inter-group spacing MNg
λ
2 . The cases

of Ng = N/M and Ng = 1 correspond to the two-level
phased array in Fig. 1 and the interleaved linear subarray
architecture in Fig. 6, respectively. When 1 < Ng < N/M ,
the proposed method requires a few additional symbols to
resolve the directional ambiguity at the second-level virtual
array.

B. Extension to the Multi-User Case

The system model (3) is for the single-user case. However,
application of the proposed method to the multi-user case is
possible by increasing the number of channel paths in the
system model because the proposed algorithm can estimate
multiple NC ≥ 1 dominant AoAs.

C. On the Joint Search of Transmit Beam from
UE and Receive Beam at BS

Note that the channel model (9) captures the single-input
multiple-output (SIMO) uplink channel. In the case that a user
equipment (UE) has multiple transmit antennas, transmit beam
search is also required. Typically, the joint beam search is
performed so that for each UE transmit beam, all BS receive
beams are swept and this procedure is repeated by sweeping
the UE transmit beam. Let the number of transmit beams to be
probed at a UE be NUE and let the numbers of antennas and
RF chains at BS be N and M , respectively. When we apply
full joint analog beam sweeping, the required beam search
latency is NUEN . On the other hand, if we apply the proposed
receiver-side beam search for each of NUE transmit beam,
the overall joint beam search latency is reduced by factor M
to yield the beam search latency of NUE N

M . Furthermore,
the proposed method can be extended to the case of AoA
estimation at both BS and UE by dividing the beam search
period into slots alternatively dedicated to uplink and downlink
transmissions in a manner similar to that in [28], [29].

VI. NUMERICAL RESULTS

In this section, we provide numerical results to evaluate
the proposed beam search method. Throughout simulation,
the number of receive antennas was N = 128, and the SNR
associated with the data model (3) was defined as ρ/σ2

n.
We assumed the channel model (8) with equal power profile
α� = 1 for 1 ≤ � ≤ Ncp before normalization, where
the number of paths was set to Ncp ∈ {1, 2, 3}, and the
number of delay taps was set to D = 3. The pulse-shaping
function p� with ‖p�‖2 = 1 was set from the raised-cosine
pulse with roll-off factor zero and the delay time of the
�-th channel path is assumed to be uniformly distributed
between (−1/(2Ts), 1/(2Ts)), where Ts = 1/Δf denotes
the OFDM symbol duration with subcarrier spacing Δf ∈
{60, 120} kHz.5 For simplicity of simulation, we assumed that
the true AoA θ� is quantized with a fine angular resolution, i.e.,
θ� ∈ {−1 + 1

N ,−1 + 2
N , · · · , 1 − 1

N

}
and that the angular

distance between any two channel paths is larger than the
HBW of the first-level array 2M/N , i.e., |θ� − θ�′ | ≥ 2M/N
when � �= �′.6 The performance was measured by averaging
the numerically estimated AoA and beamforming gain over
NMC = 105 Monte Carlo runs.

5In the 3GPP NR specification [30], the subcarrier spacing is specified as
Δf ∈ {15, 30, 60} kHz for Frequency Range 1 (FR1) including sub-6GHz
frequency bands and as Δf ∈ {60, 120} kHz for Frequency Range 2 (FR2)
including frequency bands from 24.25 GHz to 52.6 GHz. A resource block
(RB) is defined as 12 consecutive subcarriers [31].

6Note that at line 6 in Algorithm 1, we select only one i2 for given i1.
Hence, Algorithm 1 considers only one path within the beamwidth of the
first-level analog search beam.
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Fig. 8. MSE versus SNR where K = 12.

Fig. 8 shows the AoA estimation performance in the case
in which the inter-subarray spacing ds satisfies the inequality
ds ≥ λ

2
N
M . Here, the inter-subarray spacing is defined as

ds := λ
2

(
N
M − 1 + 2

λd
′) ≥ λ

2
N
M and two cases d′ = λ

2 ,
3λ
4

are considered. The mean square error (MSE) is defined as
MSE = (1/NMC)

∑NMC

n=1

∑Ncp

�=1 |θ� − ξ�(i1, î2(i1))|2, where
ξ�(·) is the estimate for the AoA of the �-th path. The analog
sweeping resolution I1 in (21) is set as I1 = 16, 64, and
128 for N

M = 16, 64, and 128, respectively. For comparison,
we considered full analog beam sweeping with I1 = 128. For
the proposed method we considered (I1, I2) = (64, 2) and
(I1, I2) = (16, 8) (I1×I2 = 128) both targeting the resolution
of full analog beamforming with I1 = 128. It is seen that the
MSE performance of the proposed method with (I1, I2) =
(64, 2) and (I1, I2) = (16, 8) achieves the performance of
the full analog beam sweeping method with I1 = 128. Thus,
the proposed method with (I1, I2) = (64, 2) and (I1, I2) =
(16, 8) achieves the beam training with almost the same
resolution of full analog beam sweeping with I1 = 128 only
with 1

2 and 1
8 analog beam sweeping overhead as compared

to the full analog beam sweeping, respectively. There exists a
performance floor at high SNR. This is mainly because beam
search is performed over quantized angular intervals,7 and
this effect can be mitigated by increasing the value of I2.
So, we increased I2 to 32 for both I1 = 16 and 64. Indeed,
the floor level decreases as I2 increases, as shown in Fig. 8.
It is seen in Fig. 8(a) that there is a marginal difference in
performance between the two cases of d′ = λ

2 and d′ = 3λ
4 .

Fig. 8(b) shows that the increased d′ degrades the MSE
performance, especially at low SNR, because the sidelobe level
increases as the peak-to-peak spacing of the array factor at the
second-level virtual subarray decreases. This performance gap
shrinks with increased SNRs above 0 dB. Furthermore, we
included the Cramér–Rao lower bound (CRLB) [32] in Fig. 8
as reference. The CRLB was obtained under the assumption

7Note that the quantization level for true θ� and the quantization level
(I1, I2) for estimation are different.

Fig. 9. Beamforming gain where Ncp = 2 and K = 12.

of using I1 analog training beams evenly spaced over the
normalized angle range [−1, 1] and K subcarriers without
any assumption on I2. It is seen that the performance of
the proposed method using I1 = 64 training symbols and
I2 = 32 is closest to the CRLB. Note that given I1, the
proposed method estimates the AoA with different angular
granularity by changing the value of I2 but using the same I1
training symbols. In addition to the gap at high SNR due to
quantization, there exists a performance gap from the CRLB
at low SNR. This is mainly due to non-coherent combining
over multiple subcarriers and across training symbols shown
in (24) of the proposed method. In the following simulation,
we assume d′ = λ/2.

Fig. 9 shows the beamforming gain performance of the
proposed beam training method. The beamforming gain
was measured as the absolute square of the inner prod-
uct |f̂Hk hk|2 between the estimated beamformer f̂k =
(1/
√
Ncp)

∑Ncp

�=1 uN (ξ�(i1, î2(i1))) and the channel vector
hk. It is seen that the proposed method with (I1, I2) ∈
{(16, 8), (64, 2)} (I1 × I2 = 128) yields almost the same
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Fig. 10. Data rate performance of the proposed method (N = 128 and K = 12).

performance as the full analog beam training with I1 =
128 training symbols with much smaller analog sweeping
overhead, i.e., I1 = 16 and 64 training symbols. For (I1, I2) ∈
{(16, 32), (64, 32)} (I1 × I2 ∈ {512, 2048}, the proposed
method outperforms the analog beam training at the expense
of increased computational complexity due to the increased
I2, but I1 can be kept to be small.

Fig. 10 shows the training-based rate performance of the
proposed method and the full analog beam training method.
The training-based achievable rate was measured as [9]

Rk = NB−I1
NB

log
(
1 + ρ

σ2
n
|f̂Hk hk|2

)
, (39)

where the number of training symbols is given by I1 and
the pre-log factor incorporates the ratio of the number of
pure data-carrying symbols to the whole transmission block
length NB . Based on 3GPP [33], we considered the cases
of NB ∈ {1200, 2400}.8 First, we considered NB = 1200 for

8In [33], the synchronization signal block (SSB) transmitted by using a
single beam consists of four consecutive OFDM symbols with period of 20 ms
by default. During the data transmission, we assume four-symbol mini-slot
based scheduling. Therefore, given the subcarrier spacing Δf , we set the the
block length as NB = 20ms/(4/Δf).

Δf = 60 kHz and the result is shown in Figs. 10(a) and 10(b).
It is seen in Fig. 10(a) that among the three cases of full
analog beam training (I1 = 32, 64, 128), the analog beam
alignment method with I1 = 128 shows a good perfor-
mance. In Fig. 10(b), the analog beam alignment method with
I1 = 64, 128 shows balanced trade-off between the training
overhead and the beamforming gain as compared to the case
of I1 = 36. Note that the training overhead directly affects
the slope of the rate increased at high SNR as shown in (39).
Hence, the reduction of training overhead is important at high
SNR, and the full analog beam training method with I1 = 64
starts to outperform the full analog beam training method with
I1 = 128 around 5 dB SNR in Fig. 10(b). It is seen that
the proposed methods with I1 × I2 = 128 outperforms the
full analog beam training method with I1 = 128 because the
proposed methods achieves almost the same beamformig gain
with much reduced training overhead. Next, NB is increased
from 1200 to 2400 for Δf = 120 kHz, and the corresponding
results are shown in Figs. 10(c) and 10(d). Similar behavior
to that in the case of NB = 1200 is observed. In this case,
even for the full analog beam training method with I1 = 128,
the training overhead is 8%, which is far smaller than com-
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TABLE II

COMPARISON OF BEAM SEARCH LATENCY AND COMPUTATIONAL COMPLEXITY FOR THE SAME SETUP IN FIG. 11

Fig. 11. MSE performance with N = 128, M = 8, K ∈ {2, 12}, and
Nres ∈ {128, 512, 2048}. (The full analog beam sweeping method is added
as a benchmark showing what can be achieved by using I1 = 128 training
symbols.)

monly considered training overhead ratio. In this case, for the
considered range of SNR, the beamforming gain becomes the
dominant factor for the data rate performance. Hence the full
analog beam training method with I1 = 128 outperforms the
same method with I1 = 32 and 64. It is seen that even in this
case the proposed method outperforms the full analog beam
training method. Compared to Figs. 10(a) and (c), the dara rate
performance in Figs. 10(b), 10(d) is slightly degraded due to
the increased MSE value as shown in Figs. 8(a) and 8(b).
While the performance behavior of the beam search algorithm
with Ncp = 2 is similar to that with Ncp = 1.

Finally, we compared the MSE performance and computa-
tional complexity of the proposed method with several existing
beam search methods including analog, correlation-based, and
HDAPA methods.9 Fig. 11 and Table II show the results.
It is seen that the proposed method with I1 = 16 training
symbols yields good performance compared to other methods,
and outperforms the full analog beam search method using
I1 = 128 training symbols when the SNR value increases. It is
seen that the performance of the proposed method is saturated
at high SNR due to the finite target angular resolution Nres.

9For [21], we set the parameters as Δi = K/2, subcarrier spacing
583 MHz, and carrier frequency 70 GHz.

Such a performance floor can be lowered by increasing I2.
Based on the analysis in Section IV-B, we computed the beam
search latency and computational complexity required for the
same setup used in Fig. 11. The result is shown in Table II. It
is seen that the proposed method requires the smallest beam
search latency and its computational complexity is comparable
to that of analog beamforming and is less than that of the
correlation-based and HDAPA methods.

VII. CONCLUSION

In this paper, we have proposed a fast beam search and
refinement method for millimeter-wave hybrid beamforming
systems, based on a two-level phased array approach. Exploit-
ing the fact that the overall beam pattern of a two-level array
is the product of the beam patterns of the two level subarrays,
the proposed method searches AoAs by sweeping coarse-
resolution analog training beams at the first-level phased
array and matching the first-level subarray outputs with fine-
resolution digital training beams by parallel FFT filtering.
Thus, the overall beam search resolution of the proposed
method is given by the fine resolution of the second-level
virtual array only with the overhead of coarse beam sweeping
at the first-level subarrays. We have analyzed the proposed
method in terms of the directional ambiguity, beam search
latency, and computational complexity. The proposed method
can be extended to an interleaved linear array framework.
We have provided numerical results showing the effectiveness
of the proposed method.
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